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Using only easily computable portions of certain ¢-subdifferentials an implemen-
table convergent algorithm for finding the minimizer of a non-differentiable convex
program is given. At each iteration cycle certain projections are computed and
corrected suitably. The negatives of these directions are feasible directions of strict
descent for the objective function. The convergence of the algorithm is proved.

1. INTRODUCTION

This paper presents an implementable algorithm for the minimization of a
certain type of non-differentiable convex function subject to a finite
collection of differentiable convex constraints. The algorithm below is
obtained by modifying and extending the subgradient projection algorithm
we gave in [11]. All the introductory remarks in [11] apply to this paper as
well. In a certain sense, the work in this paper is the subgradient counterpart
to Rosen’s (9| “PartIl: Non-linear constraints” paper. The algorithm
proposed here avoids the possibility of “jamming,” a situation where the
generated sequence clusters or even converges to non-optimal points. For the
original gradient projection |9] this possibility is not excluded. The
algorithms of Wolfe [12| and Lemarechal [2] generalize classical methods of
unconstrained optimization in the differentiable case to the corresponding
non-differentiable case by replacing the gradient with an appropriately
chosen subgradient. This paper accomplishes the analogous task for the
constrained case with the attendant complications. Our algorithm also
generalizes the work of Rosen [9] and Polak [4| and is an extension of the
algorithm in [11]. In implementing the algorithm we will have to compute
only certain portions of the g-subdifferentials. This is easily accomplished
here, in contrast to some algorithms in the literature, where the complete ¢-
subdifferential is called for. The complete ¢-subdifferential uses non-local
information and in general it is a prohibitive task to compute it. The proof
that the algorithm converges is somewhat involved and is given in Sections 5
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and 6. The computational details and experience with the algorithm s
reported in paper |3|. The computational details in | 10] apply directly to our
earlier paper [11], but many details in [10]| definitely have implications to
this paper as well.

2. PROBLEM

We consider the following problem. Let £ c - be a nonempty open
convex subset and f, g, ;R ->H, i=1l..m: j=1..r al be convex
differentiable functions on £. Let

X={x€Q|gx)<0.i=1l....m|

be bounded and assume that Slater’s constraint qualification (SQ) 15
satisfied:

There exists some a € X such that
gila)<0. i=1l..m

(SQ)
Let f be strictly convex also. i.c..
2((x + 1)/2y < S (x)+ f(»y)h X.rEX. x# 1
Let

p(x) = max{v;(x) | L < j<r.

Qur problem is to minimize f(x)}+ v(x) subject to the constraint x € X.
We denote this problem by (P). More explicitly.

g,(x)<0. i=l...m.
J(x)+v(x) {min).

{P)

Note that /, g;. v; are all continuously differentiable because they are convex
and dlfferentlable on open 2.

3. NOTATION

Let x € X and ¢ > 0. We define the sets of indices /(x) and J (x) by
1(x)=

Jx)=1{1<j<r]| ,(x);ﬂx el {3.2)
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Naturally,
I(x)={1<i<m] gi(x)=0}, (3.3)

and
Jo(x) = {1 < j<rlo(x) = v(x)}. (3.4)

Using these index sets we define the following convex subsets

C.(x)=cone{Vg,(x)|ie I(x)} (3.5)
and
K (x) = conv{Vu,(x)|j€E J(x)} (3.6)

Here and elsewhere we denote by cone S the convex cone generated by S
with apex at 0, and by conv S the convex hull of the set S. Note that when §
is empty, cone S = {0}, whereas conv § is empty.

For any non-empty closed convex subset S < R? there is a unique point
a € S nearest to the origin, which we denote by N|S|. The point a = N|S] is
characterized by the inequality

ax>|a|* forall x€S. 3.7

Here and henceforth the standard Euclidean inner product of two vectors in
R is denoted simply by juxtaposing the vectors. The corresponding
Euclidean length is denoted by | - |.

4, ALGORITHM

In this section we present a subgradient projection algorithm for solving
problem (P). We start by doing a simple unconstrained minimization of the
C' function f. Then we carry out the iterative scheme of the main algorithm,
the subgradient projection algorithm.

4.1. ALGORITHM.

Step 1. Do an unconstrained minimization of the function f, say,
using a method of conjugate gradient descents. If no minimizer exists in 2
GO TO Step 3. If minimizer c exists, check whether ¢ € X. If c € X, GO TO
Step 3. If ¢ € X, proceed.

Step 2. Compute Vv,(c), j = 1,...,r. If Vv,(c)=0 for every j, STOP; ¢
is the unique minimizer of problem (P). If Vuv,(c) # O for some j, proceed.

Step 3. Start with arbitrary x, € X and k = 0. Let £, > 0 be such that
€y < —max, ;.. &(a). Set £ =¢,. (Recall that @ is known, a priori, in the
problem.)
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Step 4. Compute p, = N|Vf(x,) + Kolx) + Colx )] If p,=0. STOP:
X, is the solution of problem (P). If y, # 0, proceed.
Step 5. Compute y, = N|Vf(x,) + K (x,) + Clx)|
Step 6. If|y.]" > e sete, =e.5,= v, and GO TO Step 8.
Step 7. Replace ¢ by ¢/2 and GO TO Step 5.
Step 8. Let I=1,(x,). If [ is empty. let u; =0 and M, =0. If / is
non-empty, let y,; = Vg,(x,) Vg (x.), i. j € I. Solve the linear program
N ovaki 2 IVgxg. JEL
u; =20, i€l

Ny (min).

It is shown later that this linear program has a minimal solution {g,). Let

=N G Vg ).
iel
Set
M, = ||V (x ) + lmax Vel ju
Sisr

Step 9. Let A= s, 17/(2M, + 1) and 1, =5, + A u,.
Step 10. Find «,. where
G =maxja|x, — al, € X. glx, —at) s glx ). vi€ I

It will be shown that a, > Q.

Step 11. Find g, € |0.G,] such that there exists

2 € V(e agty) + Kolxg = ag 1)
with
2.1, =0,

If no such z, exists, set ¢, = d,.

Step 12. Define x,,,=x, — . Increment & by | and GOTO
Step 4.

4.2, Note that any method of finding the critical points of smooth
convex f, the zeros of the equation Vf{(x)= 0, may be substituted for Step |
above. This would be particularly useful when f has a nice analytic
expression. The unconstrained minimization is done at the start to exclude a
very special easy case of problem (P). (See Lemmas 5.10 and 6.6.)
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4.3. In practice to improve the convergence of the algorithm one
may wish to reset ¢ =g, in Step 4 during the initial iteration cycles of the
algorithm. This should avoid the possibility of taking small steps when one is
not “near” the optimal solution. After these iterations we revert back to the
algorithm as given above with a minor change. We set € = ¢, in Step 3, but
instead of using an arbitrary x, € X to start the algorithm, we take x, to be
the last available x,. These changes do not affect our convergence proof,
though, strictly speaking, in Sections 5 and 6 we will have to say that (¢,) is
eventually non-increasing, in place of (¢,) is non-increasing.

4.4, Steps 4 and 5 can be implemented as special quadratic
programs, as was done in Rubin [10]. Step 11 requires a properly
constructed line search, some comparisons and univariate minimizations. See
Rubin [10| and Owens |3]. In practice, the statement, “if y, =0, STOP” in
Step 4 will be replaced by “STOP, if |y,|<#n,” n>0, a stopping rule
parameter. Also obvious practical modifications for stopping in Step 2 will
have to be included in a computer program. For computational details and
experience we refer to the paper by Owens [3].

4.5. By increasing the dimension of the constraint space by 1 and
by increasing the number of constraints by r one can rewrite (P) as a
differentiable convex program to which Polak |4] is applicable, e.g.,

8i(x) <
Uj(X) <
fG)+y  (min).

0, i=ly.,m,
J

A Jj=Loyr,

Let us mention some of the basic differences between our algorithm and
Polak’s. Qur procedure faces lower dimensional subproblems. Incidentally,
we believe this to be a reason for the comparatively rapid convergence we
found with our algorithm on problems tested (see [3]). Our method also
addresses non-differentiability directly. See also remarks in Rockafellar
[7, pp. 2-3] in connection with this point of view. Polak projects the gradient
of the differentiable objective function on the supporting tangent vector
spaces. Following Rosen [8,9] he constructs the appropriate projection
matrices for this. In contrast we use the point in a portion of e-subdifferential
nearest to 0, which we obtain by suitable quadratic programs. We do not
stipulate a certain assumption of linear independency Sect.4.5 of [4,
paragraph 92]. Our method, like Polak’s, is a method of feasible directions.
However, we build feasibility in an entirely different way. Also note that ¢-
binding maximands are not used in Step 11.
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4.6. Practical implementation on the computer shows that
Algorithm 4.1 is viable and applies well to a broad class of problems, linear
|10, 11] and non-linear (see also Sect. 7). In fact, the convergence is quite
good, as found by Rubin [10] and Owens |3]. Owens |3] retested some of
the classic examples of Wolfe [12|, Powell (reported in |12| and |10]).
Wolfe |13, Dem'yanov and Malozemov |1], and others. Even in examples
constructed to exhibit jamming the present algorithm converged quickly. On
smooth problems the convergence was not any slower than some algorithms
for the differentiable case with no anti-jamming precautions. Numerical
results on Polak’s [4] algorithm appear to be unavailable. For details of
these we refer to Owens |3].

5. FEASIBILITY OF THE ALGORITHM

5.0. We now turn to the task of proving that the steps in the
algorithm are well formulated, i.e.. are implementable and that, in fact, the
algorithm converges to the solution of (P). Through a sequence of lemmas
we prove feasibility of the algorithm in this section. Using these lemmas a
proof that the algorithm converges is given in the next section. The proof is
more involved than the corresponding proof in [11].

We need some more terminology and notation. When F: ¢ — |~00, oo | is
a convex function its e-subdifferential ¢ F(x). where ¢ >0, is defined by
saying

uE é,F(x) i F() > F) +u(y —-x)—e vr€ = (5.00)

doF(x) is the subdifferential of F at x which we denote by ¢F(x). Any
u € ¢F(x) is referred to as a subgradient of F at x. More explicitly. u satisfies
the subgradient inequality

F(y)2 Fx)+u(y—x).  vre il (5.0.2)

Note, however, that dF(x) can be empty. See Rockafellar 6] for all these
and related notions. Let y denote the indicator function of the set X, namely
x(x)=0,if x€ X, and y(x)= oo, if x&€ X. Then F = f + v + x is convex on
the whole space and minimizing F(x), x€ ¢ is equivalent to the
constrained minimization problem (P). We keep the earlier notation and
formulate the lemmas. We begin by collecting some properties of the index
sets introduced in Section 3.

5.1. LeMMA. To each x € X and € > 0 there is a neighborhood V of x
such that

I(y)CIx)., YyeEVNAX, (5.1.1)
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and

J(y)cJ(x), YyEVNAX (5.1.2)

Proof. We verify (5.1.1). For every i € I (x), g{x) < —¢. Hence there is a
neighborhood V of x such that g,(y) < —e¢, for every y € V' X. This means
that i € I (), proving (5.1.1). Analogously one proves (5.1.2) by considering
the functions w; =v; —v.

5.2. LEMMA. Given x € X, there exists p > 0 such that
I (x)=1y(x) for 0<e<p, (5.2.1)
Jx) =J(x) Jor 0<e<p. (5.2.2)
Proof. Given x € X, note that
Iy(x)c I (x) < 1,(x) if 0<egp. (5.2.3)

In case [f,(x)=1{l,..,m}, the lemma is clear. Hence assume that
{1,.... m\(x) is non-empty. In this case, there exists p > O such that

max g;(x) < —p.

i¢ly(x)

This implies that whenever i & Iy(x), then i & I (x). In view of (5.2.3) we
conclude 7 (x)=17,(x) and (5.2.1) follows. By considering v; — v analogously
we see the validity of (5.2.2).

5.3. LEMMA. Let x, € X and (x,.) a subsequence such that x,.—»x € X
and ¢,. | 0. Then

I, (x,)cly(x)  for all sufficiently large k'.

Proof. We may assume that {l1,..,m}\/,(x) is nonempty. There exists
& > 0 such that

max g{x) < —e&. (5.3.1)

iglp(x)

Let i & 1,(x) so that g,(x) < 0. Then g;(x,.) < 0 for k' sufficiently large, for
all i & I(x). Also ¢, <e¢ for all k' sufficiently large. If possible, let i &
1, (x, N o(x); we shall derive a contradiction. Since i € I, (x;.),

8ilXy) 2 —6 > —¢.

Hence g,(x)> —e¢. Since i €& I,(x), this contradicts (5.3.1), completing the
proof.
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5.4. LEMMA. Let x, € X and €, | ¢ > 0. Suppose that (x,.) is a subse-

quence of (x,) converging to x. Then for the subsequence (x,.) we have
lyx)e 1, (xy) Jor all k' sufficiently large. (5.4.1)
Similarly, Jo(x) = J, (x,). for all k' sufficiently large.

Proof. Let i€ [Iy(x). Since gi{x)=0., 0zgix, )>0: and hence
gix ) 2 —¢ for all k' sufficiently large. For these sufficiently large &’. we
see that g,(x,.) > —¢, . which proves the lemma.

5.5. LEMMA. For each x € X and ¢ > 0. there exists a 6 > 0 such that

Joxycd (y) whenever |x—y < 0. yEX.

Proof. This is essentially the same as Lemma 5.6 in |11].

5.6. LEMMmA. Forall e 2 0and x € X, K (x) < ¢,0(x).

Progf. Trivial changes in the proof of Lemma 5.1 in |11] yields this
lemma.

5.7. LEMMA. c¢uv(x) = K(x) for every x € X.

Proof. This is a known result. See, for example. |5|. Also, minor
alteration in the proof of Lemma 5.4 in |11] yields a direct simple proof of
this lemma.

5.8. From the last lemma and |6| we immediately see that

v'(x, y)=maxjuy |u € Ky (x)}. (5.8.1)

where v/ (x; y) = lim, gfv(x + ap) — v(x)}/a is the directional derivative of v
at x in the direction y.

5.9. LEMMA. OF(x) = Vf(x)+ Ky(x) + Cy(x) for all x € X.

Proof. The functions f. ¢ and the indicator function y of the set X are
proper and convex. It is well known that for x € X, dy(x) = C,(x). Since X
has non-empty interior by Rockafellar [6] the lemma follows.

The next two lemmas show that the stopping criteria in Steps 2 and 4 of
the algorithm are well chosen.

5.10. LeMMa.  If c € X is such that Vf(c)= Vv (c)=0./=l....r. then ¢
is the minimizer of F.

Proof. In this case K,(c)= {0}, because each Vu;(c)=0. Also since
Vf(c) =0, we see that 0 € &F(c), as 0 € Cy(c). This implies that ¢ is a
minimizer of F; uniqueness of ¢ is ensured by the strict convexity of F.
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5.11. Lemma. If y,=0 in Step 4 of the algorithm, then x, is the
minimizer of F.

Proof. y,=0 implies that 0€ dF(x,), a necessary and sufficient
condition for x, to minimize F. The strict convexity of f ensures that the
minimizer of F is unique.

5.12. LemMMA. Step 7 of the algorithm is not executed infinitely often in
any one iteration.

Proof. If Step 7 is executed infinitely often in a certain iteration then the
index k remains unchanged from that iteration onwards. By Lemma 5.2 there
exists arbitrarily small ¢ > 0 such that I {x,)=1I,{x,) and J(x,) =Jo{x;).
Due to expressions (3.1), (3.2), (3.3), and (3.4)

Vi) + K (x) + Clxe) = Vf(xp) + Kolxy) + Colxy)s

for such ¢. Hence we find that y,= y, for arbitrarily small £ > 0. Since
Step 7 is executed indefinitely and ¢ | 0, we must have y,— 0. Hence y, = 0;
in which case we could not have reached Step 7 at all; a contradiction.

5.13. Step 8 of the algorithm in general requires the solution of a
linear program. We have to show that this linear program has a minimal
solution. We do this now. Recall that one says that a convex cone C is
pointed iff C contains no lines or equivalently C M (—C) = {0}.

5.14. LemmAa. Let a,,..., a, be nonzero vectors such that conela,,...,a,}
is pointed. Let I' = |y;| be the n X n Gramian matrix, where y,, = a;a;. Then
the linear programming problem

‘\;y”u,>’aj|, J=lu,n,

i

;> 0, =l n, (5.14.1)
U+ +u, {min)
has a minimizer.

Progf.  We first show that (5.14.1) is feasible. For this purpose consider
the auxiliary linear programming problem

(ry)j > laj(>
u; >0, (5.14.2)
Ou (min).
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Here u=(y,....4,). Note that I'=4'A4, where 4 is the matrix whosc
columns are a,....a, and A’ denotes the transpose of 4. Hence, the linear
program dual to (5.14.2) is

(I'A); <0, A 2 0.
: (5.14.3)
Ajja, i+ o+ A, la, (max ).

Clearly 0 is feasible for (5.14.3). We now show that O is a maximal solution
of (5.14.3) with value 0 and hence its dual (5.14.2) also has an optimal
solution with value zero. This then would show that (5.14.2) is feasible. If 4
is any vector feasible for (5.14.3), then AIA <0, i.e.. 14’44 0. This yields
|AA|* <0 and hence A4 = 0. Since the conela,.....a,} is pointed with 4 > 0,
this implies 4 = 0: proving that O is the only feasible solution of (5.14.3) and
therefore O is the optimal solution of (5.14.3). The feasibility of (5.14.1) is
now clear.
The linear program dual to (5.14.1) is the problem

FAy <t j=lon.
i200 Q= len (5.14.4)
Aviay| + -+ 4,4, (max).

The vector A =0 is clearly feasible for (5.14.4). This, in view of the just
proven feasibility of (5.14.1) and the duality theorem of linear programming.
implies that (5.14.1) has an optimal solution. completing the proof of the
lemma.

We next find an upper bound for the value of problem (5.14.1) and then
use this to obtain an upper bound for the length of the vector
dva, + - +i,a,, where (&, ... i,) is a minimal solution of (5.14.1).

5.15. LEMMA.  Let a,....a, be as in Lemma 5.14. Let ¢;=a;jja;. E =
convie; | 1 < j< ni,and w=N|E|. Let

u=ga + - +a,a,. (5.15.1)

where ({,..... d,) is a minimizer of (5.14.1). Then
U< [uf < (max [a,)/(|w]* min|a,)). (5.15.2)
Proof. Since the conela,.....a,} is pointed, it is easily seen that 0 & £

and hence w = 0. By (3.7). wz > {w|% ¥z € E. This yields the inequality

wa; = iwl’la,l. . (5.15.3)
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Now there exist 4, >0, > A, =1 such that w=>A,e;. For these 1;, by
(5.15.3) we have

:%(@%)/6%]2”"'21%1- (5.15.4)

If we define g4; by u,=4,/(la;| |w|?), then (5.15.4) shows that (4, .., &,) is
feasible for (5.14.1) and hence
S < :\_:.ui =|w|™? ,\_: Aid)a;|

< |w|~¥/{(min |a;)). (5.15.5)
Hence

lu|= ):sﬁiai’ <Eﬁi|as|

1 i

< (max |a;]) :ﬁi
< (max|a,|)/(wP* mina,))

Also from the relation ), y,; @, > |a;] in (5.14.1) we get (3_, if;a;) a; > |a;,
ie., |a;] Cua;. By Schwarz’s inequality we get |u| > 1, since a; # 0, V/. This
completes the verification of (5.15.2).

5.16. LEMMA. Let ¢,> 0 be as in Step 3 of the algorithm and x any
point inX. Then the cone C{x) is pointed for 0<¢<e,. Moreover,
Vgdx)#0, Vi€ I {x).

Progf. Since 0 <& < gy < —max, ., g{a) we see that g,(a) < —¢, Vi, so
that 7(a) is empty and hence Cfa)={0}. The statement Vg(a)+0,
Vi€ I (a) is indeed true. The lemma needs no proof if /,(x) is empty. So
consider the case when 7 (x) is nonempty. In this case x #a. Put u=a —x.
Now

g(a) > gix) + Vgix)a—x) 2 —¢ + Vgi(xu, Vi€ l(x)
Hence
Vegdxu < gla) +e<0, vie l,(x) (5.16.1)

This shows that Vg,(x)+ 0 for every i € I (x). Also, if z=7_ A,Vg{x), where
A 20, i€l (x), then zu <0, if A;> 0 for some i€ [ {x). Hence zu <0 for
every nonzero z in C(x), proving that C(x) is pointed; forz, —z € C (x)
implies that z =0.
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5.17. Lemma. Let €, > 0 be as in the algorithm. I, (x,} nonempty. and u,
be as defined in Step 8 of the algorithm. Then

o
4

(1) uys, 20, (3.

Lh
]
b

(i) Vgdxu, 2 Valxl SN I EV A .
where s, Is defined in Step 6 of the algorithm.

Progf.  Since s, = N|Vf(x,) + K (x,)+ Clx,)|. for i€/, (x,). both s,
and s+ Vgx,) belong to Vi{x)+ K, (x,)+ C,(x,). By (3.7) then
su(8, + Vgi(x,)— 5.2 0. Thus

(4]

Vg s, 2 0. e, (x,). (3.17.3)

By Lemma 5.16 C, (x;) is pointed and hence by Lemma 3.14 the linear
program in Step 8 of the algorithm has an optimal solution (&,) such that

ue =N I Vgx )i € L (x,00

This with (5.17.3) implies (5.17.1). If I'=|y;|. where y,; = Vgi{x,) Vg (x,)
then by the linear program in Step 8

IVgdx ol < @h); = Vgdx) u,.

This is inequality {5.17.2). completing the proof.

5.18. LEMMA. Let s, # 0 and t, = s, + Auy. u, as in Lemma 5.17. Then
—t, Is a feasible direction at x, for every i > 0.

Progf. If I,(x,} is empty then every direction is feasible at x,. So assumc
that /,(x,) is non-empty. By convexity of X, if the lemma were false. then
there is 5 0 such that x, — at, € X, 0 < a < 6. There exists [ € [,(x,) such
that g(x, — at,) > 0. 0 < a < d. This yields

ghx, — at,) — gix,) >0, 0<ugd.

Dividing by « >0 and allowing « | 0 we get Vg,(x,)f, <0. But by the
previous lemma

Vgix)t, = Vg dx,) s+ AVg,lx,) u, > 0. YA > 0.

a contradiction.

5.19. LeMMA. Let s, 0 and A,. t, be as in Step 9 of the algorithm.
Then —t, is a feasible direction of strict descent at x,.
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Proof. Note that if 7, (x,) is empty then u, = 0 so that ¢, reduces to s, in
this case. The directional derivative of a convex function is a sublinear
function of the direction, hence

Fiix,;—t)=F'(xg s =S, — Atty)
SF (x5 —8,) + A F (X, 5 —ity) (5.19.1)
By (5.8.1)
0/ (x,; —w) = max{—wy | ¥ € Ky(x,)l- (5.19.2)
Hence
Frxes =si ) = f" (X5 =810 + 07 (x5 =8,
= —Vf(x,) s, + max{—s, v | ¥ € Ko(x,)}
= —min{(Vf(x,) + ») s, | ¥ € Ko(x)}- (5.19.3)

Since Ky(x,) © K, (%), Vf(x) + » € Vf(x,) + K (x,) + Cp(x,), and so by

SV (x) + ») >[5, [% (5.19.4)
By (5.19.3) and (5.19.4) we see that

Fr(x, s —s) < —|se % (5.19.5)
Again by (5.19.2)

v (% s —uy) = max{—u, y| y € Ko(x,)}
= max{—Vv,(x,) u, | jE Jo(x;)} (5.19.6)
By (5.19.1), (5.19.5), and (5.19.6) we arrive at
F'(xg; —1) < _lsklz + A=V () uy + ien}(ﬁl))r(k) (=Vuix ) u)f (5.19.7)
Now
{=Vf(x) uy + ig}gfk) (=Vu,(x,) up)}
<V .
{IVf(x)l + jerr}oa(‘i‘k) |ij(xk)“ A
<AV el + lrg?‘é‘r | Vo, ()l [ugl

=M, by Step 8 of the algorithm. (5.19.8)
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By Step 9 of the algorithm 4, =|s,|*/(2M, + 1); hence

FI(x0 =) < =I5, )7 4+ M |5, /2M, + 1)
< —18,]%/2 < 0. {5.19.9)

This inequality proves the lemma because —f, is feasible by Lemma 5.18.

5.20. LemMA. The number a, defined in Step 7 of the algorithm is
positive.

Proof. 1f 1 (x,) is empty then in view of Lemma 5.18 the lemma is clear.
So consider the case when /, (x,) is not empty. Using (5.17.3) and (5.17.2)
we see that for i € 1, (x,)

Vgi(x;) = Vgilx,) si + A, Vgilx) uy
2 A 1V xRl (5.20.1h

Now 4, > 0, since s, 0. Also by Lemma 5.16, {Vg;(x,){ > 0. This shows
that there exists d > 0 such that g,(x, — at,) < g{(x,), Vi€ [ (x,), 0 <a <0
This fact with Lemma 5.18 proves that &, is positive.

The next two lemmas explain the choice of «, and z, in Step 11 of the

algorithm.

5.21. Lemma.  Let s, + 0 and define p on (0.4, by pla) = F{x, — at,).
If a, is not a minimizer of v on |0.a,|, then z, satisfving Step 11 of the
algorithm exists.

Progf. This is essentially Lemma 5.12 of [11] and the proof in |11]
carries over verbatim with s, occuring in the proof of Lemma 5.12 in |11]
replaced by ¢, here.

The number a, determined in Step 11 of the algorithm has the following

property:

5.22. LemMa. Let s, % 0 and ¢ be as in the previous lemma. Then «, Is
the unigue minimizer of ¢ on |0, d,|. Moreover, «a, Is positive.

Proof. This corresponds to Lemma 5.13 of 11| and the proof therein
carries over with s, replaced by 1,.

5.23. CoroLLARY. Let s, # 0 and x, _, = x, —a,t, as in Step 12 of the
algorithm. Then F(x,, ) < F(x,).

Proof. This follows from Lemma5.22 and the observation that
Fl(x,—t,) <0,
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6. CONVERGENCE OF THE ALGORITHM

Lemmas of the previous section prove that the algorithm is feasible and
that F decreases at each iteration. We now turn to lemmas leading to a
convergence proof.

6.1. LEMMA. Let X € X be the minimizer of F and X be a cluster point of
the sequence (x,). Then (x,) converges to X.

Proof. Same as proof of Lemma 5.15 of |11].

6.2. LEMMA. Let O be a cluster point of the sequence (sy). Then the
sequence (x,) converges to X, the minimizer of F.

Proof. We pass to corresponding subsequences (s,.) and (x,.) such that
s, — 0 and x,. —» X € X. We shall show that £ minimizes F, so that by the
previous lemma x, — ¥. Since the restriction of F' to X is continuous from
within X, to prove that X is a minimizer of F, it suffices to show that
F(y)> F(x) for all y € int X. Note that int X is non-empty. We now verify
that for every y € int X,

g:(y) <0, i=1,..,m. (6.2.1)

Recall that a satisfies g (@) <0, for every I, and hence to prove (6.2.1) we
may assume that v # a. Since y € int X, there exists ¢ > O such that z= py +
a(y —a)€ X. Hence (1 + a)y =z + aa and by convexity of g;

(I +a)g(ry)< gilz)+agia) <0,

which proves (6.2.1).
By (6.2.1) we have

0> g{y) > giX) + Vg, (£)(y — %)
=Vg()y—%), Vi€ (R (6.2.2)

Since s, — O the sequence (¢,.) decreases to zero. Also x,.— X. Hence by
Lemma 5.3

[s;;r(xk’) Clo(xﬁ)s (623)

for sufficiently large k’. By the continuity of the function x — Vg;(x)(y — x)
at £, the fact that x,. — £, the relations (6.2.2) and (6.2.3), we find that for
sufficiently large &’

Ve )y —x,) <0, Vi€ (x.). (6.2.4)

640/41/3 3
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At this stage we complete the proof of this lemma by repeating the reasoning
from Eq. (5.16.3) onwards of Lemma 5.16 of [11].

6.3. LEMMA.  If the sequence (¢,) defned in the algorithm converges (o
zero, rhen the sequence (x,) converges to X. the minimizer of F.

Proof. By Lemma 5.12, Step 7 of the algorithm is executed finitely often
per iteration. Hence a subsequence (¢,.) of (¢,) may be chosen such that

By =672 and PV, sy

where v, was defined in Step 5 of the algorithm. Since ¢, +0. 1 »0. We
replace all the occurrences of s,. in the proof of the previous lemma by 1,
and repeat the reasoning therein to see the validity of the present lemma.

6.4. LEMMA. The sequence (s,) is bounded.
Proof. Note that
VI(x) + Kolxp) © V() + K (x,) + Cxyp)

so that
lSA 1VJ‘ + N IKn

Since K(x,) =conv{Ve(x,) | j € Jy(x;)h
INTK (x )l < maxil Ve (x )] L € ()

& max \YL (x
I s /%

Hence

1Sl < max | V/f(x |+max max Vo (x).
relk eX bsjar

The right-hand side of the above inequality is finite since the functions f and
v; are all of class C' on the compact set X. This proves the lemma.

6.5. LEMMA. Let ¢, > 0 be as in Step 3 of the algorithm and 0 < ¢ < ¢,.
Let x € X and I (x) be non-empty. Then there exists 6 > 0 such that

d(y) > id(x) > 0, V.y—xi<o. yEAJX. (6.5.1)

where

d(y) = inf 3 ' Nh= e )],

~_[ e
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and
e(»)=Vg(»)/IVe ),  PE€EI(y).

Proof. By Lemma 5.16, Vg, (x)#0, Vi€ I (x) and the cone CJx) is
pointed. This ensures that O ¢& convie{x)|i €[ {x)} and hence d(x)> 0.
Choose 6 > 0 such that by LemmaS.1, I(x)>I(y) if |[x—p|<d, yEX.
We can also require that ¢ > 0 be such that Vg,(y)+# 0 and

le(») — /)] < dd(x). (6.5.2)

Vie I (x),
Now

Ly —x]<é

/1[>O,:Ai:1,ielg(y)$,

mf M Ae) ltii>o,2:/li:l,i€1€(x)§.
Also
Z Ae ) Z_ A;e(x) Z Aie(y) —efx))].
i€1¢(x) ielgx) iefglx)

This in conjunction with (6.5.2) vields the inequality

IXIQO,ZAI: Li€el(x)

d(y) > inf 3 i}_‘z‘tie;(x) —é—d()c)

= —% dix).

We have already verified that if O is a cluster point of either the sequence
{|s.]) or the sequence (g,) then (x,) converges to the minimizer of problem
(P). So let us consider the situation when (|s;|) and (g,) are both bounded
away from zero. Since (¢,) is a nonincreasing positive sequence (5.} is
bounded away from zero iff there is £ > O such that ¢, | ¢. From the steps of
the algorithm this can happen iff ¢, = ¢, eventually. Hence in the following
lemmas we shall assume that the (g,) defined in the algorithm is such that
&, = ¢ > 0, eventually, and that (s;) is bounded away from 0.

6.6. LEMMA.  Ler (s,) be bounded away from zero. Then the sequences
(¢,) and (a,) are both bounded. Moreover, (t,) is bounded away from zero.

Proof. Let

0 =min {|V/(x)l + max |Vo,(x)|}.
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Since we have got past Step 2 of the algorithm the continuous function in
braces {---} is positive on compact X and hence 6 > 0. By Step 8 of the
algorithm

M, = {[Vf(x,) + lng?z(r Ve, (e )it uy

>0 u .

and hence
Al =Tugl s 7/ 2M + 1)

M52 102M, + 1)) < s, 17/(20). (6.6.1)

Since 1, =s, + 4,u, with (s,) bounded. by (6.6.1) we find that (¢,) is
bounded.

We now show that (f,) is bounded away from zero. If not, since {#,) 15 a
bounded sequence, there exists a subsequence (f,.) such that ¢, — 0. Since
the sequence (s,.) is also bounded, by passing to another subsequence again
denoted by (k’). we can require that s,.— s+ 0. This implies that s, -+
Ay.u, — 0. Hence, A, u,. — —s and

(Ag iy ) s — —ls . (6.6.2)

By (5.17.1). uy.5. >0 for every k&' which shows that (4,.u,)s, =
At 5.) > 0. By (6.6.2) s = 0. a contradiction. Hence (z,) is bounded away
from zero.

Now «a, |1} is bounded above by the diameter of X. Since we just showed
that |7,] is bounded away from zero. we conclude that («,) is a bounded
sequence.

6.7. LEMMA. Let (¢,) be as defined in the algorithm. Suppose that ¢, -
¢ > 0, eventually. Let (k') be a subsequence such that I (x,.) is nonempty for
every k' with x,. — x € X. Then there exists M > 0 and 6 > | such that the
Jfollowing hold:

1< u, 1 <0, Yk, (6.7.1)
Ise 1/ (2M + 1) <A < i | vk (6.7.2)
Proof. By Lemmas 5.1 and 6.5 there exists 0 > 0 such that

1(x) > 1 »), (6.7.3)
d(y)=zdx)2. ¥yEX. |y-x <4 (6.7.4)

where d was defined in Lemma 6.5. There exists p such that [x,. —x! < J if
k"> p. Hence, I,(x,.) =I(x), Yk’ > p. This shows that /,(x) is non-empty
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and hence by Lemma 5.16, Vg,(x) # O for every i € I (x). By reducing é > 0,
if necessary, we may assume that

11Vgx) < [Veu(») < 31 Ve, (6.7.5)

Yiel(x), yEX, |y —x| <. By Lemma 6.5, d(x) > 0. Using Lemma 5.15,
(6.7.3), (6.7.4), and (6.7.5) we get

e S ( max Vg0 ))/(d ()| min [ Vei(x,)])
S4(max Ve, ))/(@*(x) min |Ve,(xi)))
<12 max Ve, (x)))/(d*(x) min |Vg(x))
=B, Vk'>p. (6.7.6)

Since £, is a positive real number, there exists § > 0 such that |u,.| < 6, for
every k'. By (5.15.2), |u,.| > 1 as well, so that (6.7.1) is verified.
By Step 8 of the algorithm,

My = (Vf(x) + lr?f?‘i‘r | Vo)) [y
<max (|V/(z)| + max [Vvyz))¢
ZeX 1<igr
=M (say). (6.7.7)
By Step 9 of the algorithm,
R =150 M, + 1) 215, 1/(2M + 1),
The inequality (6.7.2) is now evident, completing the proof of the lemma.
6.8. LEMMA. Let (g,) be as defined in the algorithm. Suppose €, =¢ > 0

eventually and (s,) is bounded away from zero. Then the sequence (a,)
converges to zero.

Proof. If (0,) does not converge to zero by Lemma 6.6 there is a subse-
quence (a,.) such that a,, —» a > 0. We distinguish two cases.

Case 1. We assume that / (x,.) is empty for an infinity of indices k'.
Passing to a subsequence, again denoted by k', we can require that 7, (x, ) is
empty for every k’. Due to the boundedness of (s,) and compactness of X we
can require s, — s # 0, x,. > x € X. In the present case, u,. defined in Step 8
of the algorithm is zero and hence ¢, =s,, for all k’. Since (F(x,)) is a
decreasing sequence all its subsequences converge to F(x). Hence F(x,.,,)—
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F(x) also. Since x,., , =X, — ¢,.5.., in the present case, x,._; =¥ —uS. We
therefore find that

Fix —as) = F(x). (6.8.11
Since
Fx, —ug s, )< Fly, -4s,.) ref0.q, |
and F is convex we find that
Flx, —a, s, ) < F(x —ay.5,.72)
SR - s b+ Fleg 2
< F(xg ). (6.8.2)
In the limit we get
Flx —as) < Flx —as/2) L Flxy {6.8.31)

In view of (6.8.1). (6.8.3). and the strict convexity of £ we tind ¢ = 0. a con
tradiction,

Case 2. We now consider the case when «, —« >0 and / (x; )~
/ {x,.} are non-empty for all sufficiently large £’. Once more. we may assume
that s,. »s+#0 and x,.—»x& X. The hypotheses of Lemma 6.7 are now
applicable, so that (6.7.1) and (6.7.2) hold. We may therefore pass to
another subsequence, again denoted by k', such that u, -»wu. o, — 4. By
(6.7.1) and (6.7.2) we also see that

wl=1 and  Azis/2M + 1 (6.8.4)
By Step 9 of the algorithm 7, =5, + 4,.u4, and hence

fy =5+ Au=1t (say). {6.8.5)

Now % 0, by Lemma 6.6. Since x, ., =X, —u, {, —x —wul and since
(F{x,)) 1s decreasing to F(x), we see that

F(x —at)=F(1). (6.8.6)
Also as in Case 1 above,
Flx —at) < Flx —at/2) < Flx) {6.8.7}

which contradicts the strict convexity of F, since « > 0. The proof of the
lemma is now complete.
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6.9. LEMMA. Let (g,) be as defined in the algorithm with ¢, =¢>0
eventually and (s,) bounded away from zero. Let the subsequence
Xy = x € X. Then there is a subsequence of (k'), again denoted by (k'), such
that Iy(x,.)=1,(x) for all k'.

Proof.  Since the index sets I(x, ) are subsets of {1,..., m}, we can pass to
yet another subsequence, again denoted by k’, such that I,(x,.)=1, for
every k'. We will show that I =7 (x). If i € [, then g,(x,.) =0, so that in the
limit g,(x) = 0. This shows that I < I,(x). There is nothing to prove if I,(x) is
empty. To prove the reverse inclusion, let i € I (x)\I. We shall derive a
contradiction. Since Xx,,,=x, —a.t,, with () shown bounded by
Lemma 6.6, and «, —» 0 by Lemma 6.8 we see that |x,,, —x,|— 0 as k — 0.
Let M =max.., |Vg,(z). Then there exists k, such that

[X 41— x| < &/(2M), Yk > k,. (6.9.1)

Since i€ I, gi(x,.) < 0. Also since g{x,.)— 0, in the sequence of integers
(k). we can find p > k, such that

0> —0=gix,) > —¢/2. (6.9.2)
Let g be the first index such that ¢ > p and

gi(x,) = —6/2. (6.9.3)
Now
&ilxy 1) 2 8i(xg) + VEilxg)(x, ) — x,)
> —(6/2) — Me/(2M) > —¢.

This shows that i € I (x, ,). By Step 10 of the algorithm

8i(%g) < &ilXg-1)- (6.9.4)
By (6.9.3) and (6.9.4),

gi(xq_1) > —6/2. (6.9.5)

Note that g— 1> p. If g— 1= p, then (6.9.5) contradicts (6.9.2). If
g— 1> p, then (6.9.5) contradicts the choice of g as the smallest index
greater than p for which (6.9.3) holds. Hence I,(x) =1, and the proof of the
lemma is now complete.

We are finally in a position to prove the convergence of the algorithm.

6.10. THEOREM. Algorithm 4.1 generates either a terminating sequence
whose last term is the minimizer of problem (P) or an infinite sequence
converging to the minimizer of problem (P).
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Proof. In view of Lemmas 5.10 and 5.11, we need only consider the case
in which Algorithm 4.1 generates an infinite sequence (x,). In this case.
s, # 0 for every k. We assume that (x,) fails to converge to the solution of
(P) and derive a contradiction.

Due to the remarks after Lemma 6.5 we may assume that (s,) is bounded
away from zero and that the non-increasing positive sequence (¢,) is such
that ¢, =¢ > 0, eventually for all k. We distinguish two cases.

Case 1. We assume that there are an infinity of indices & for which z, in
Step 11 of the algorithm are defined and arrive at a contradiction. Denote
this subsequence of indices by (k’). Let us consider the situation when 7 (x,.)
are nonempty for all k’, eventually. Passing to a further subsequence, if
necessary, but denoting the new subsequence again by (k’). because X is
compact, (sy.), (#,.). (M), (4,.) all bounded (Lemmas 6.4, 6.6, and 6.7) we
may assume that

X2 XEX, S, =570, M, -M2>20, U, —u+0.
(6.10.1)

hge = A >0, Lo =8, + Aty = s+ ru=1%0.

By Lemma 6.8, «, - 0 and hence x,,,, =x,. — ¢, 1, — x. Passing to a still
further subsequence, again denoted (k’), we may assume that there exists sets
1. J, and J’ such that

Ix =1 Jx)=J  Jyx, ) =J". (6.10.2)

for all £’. Since (x,.) and (x,., ;) both converge to x, by Lemmas 5.5 and 3.1
we find that Jy(x) < J(x,.) and Ju(x., ) ©Jo(x). respectively, for large
enough k’. Hence by (6.10.2) we find that J' < J. Let us set

K(x,)=conviVu(x, )l jE Ji. (6.10.3)
and
C(x,.)=conelVg,(x, )| i€ [} (6.10.4)
For each k’ we have
2 €V L)+ Kolx, ) (6.10.5)
and
Il =0, (6.10.6)
where

Ko(x, ) =conv{Voix,. )| jE S} (6.10.7)
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and
Se = N{Vf(xe) + K(x,.) + C(x,.)]- (6.10.8)

Now the carrier (i.e., point-to-set map) yr— dv(y)=K,(y) is upper
semicontinuous. (See  Rockafellar [6].) Clearly, for each y€X,
Vf(y)+ K,(») is a closed set. Hence y +— Vf(y) + K,(») is a closed carrier.
From (6.10.5) we see that (z,.) is a bounded sequence, and hence passing to
a further subsequence assume that z,,— z. Since x,.,, — x due to (6.10.5)
and the closedness of the carrier y+— Vf(y) + Ky{y) we conclude that

2 € VF(x) + Ko(x). (6.10.9)

Due to (6.10.8)

nfwm4+:@me+iﬁﬁumﬂ>m&
jed iel

(6.10.10)

where A;, u4; are all >0, with Y, A, = L. For fixed (4;) and (4,), we allow
k' — oo in {6.10.10) to get

s (0 + X 4T+ Y 0 Vew) > 5P

jed iet
This shows that
s=N|Vf(x) + K* + C*|, (6.10.11)
where
K* =conv{Vu(x)| jEJ} and C* =cone{Vgx)|ie T}
This with (3.7) gives us the inequality

(Vf(x)+ »)s = 1s], YyeEK*

By Lemma 5.4, Jo(x) =J and hence K (x) < K*. Moreover, by (5.19.3)

Fl{x; —s) = —min{{Vf(x) + y)s | y € Ko(x)}
< —s)? by above. (6.10.12)

As in (5.19.7) from {6.10.12) we now get

Frey =) < —fs|P + A{—=Vf(x)u + jmax (Vo ou)l. (6.10.13)
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Note that (6.10.1) with {5.19.8) shows that

(IVAx) + max Jv(x))lul < M.
I<jsr b

Since A =|s{*/{2M + 1), by (6.10.13)

Frix, —) < —)sl? + (sPM/Q2M + 1) < —s,7/2 < 0. (6.10.14)

We now show that —r is a feasible direction at x. The proof of
Lemma 5.18 shows that to show —1 1s feasible. it is sufficient to show that

Vgi{xis 20 and Vgdxyu > 0. vi€ [{x) (6.10.15)

Since Cy{x) < C*, the argument used in deriving (5.17.3) applied now with
(6.10.11) yields Vg{x)s 2 0, Vi € [,(x). By (5.17.2) we have

Vgidxhuy 2 Vg X i, (x)
Allowing &’ — oo and using Lemma 5.4, we get

Vg (xu 2 Vg, (x). Yie [y{x)
>0 by Lemma 5.16.

Thus (6.10.15) has been verified. This in view of (6.10.14) shows that —/ is a
feasible direction of strict descent at x.

At this stage let us consider the situation when [ (x,.) are empty for an
infinity of k’. Renaming this subsequence again as (k). by Step 8 of the
algorithm we see that u,. =0, i, =|s, |>. and 5, =, . Vk'. By Lemma 5.4
1,{x) is empty, so —s is a feasible direction of strict descent at x in this case.

As in Lemma 5.19 we form the function ¢, where @(a) = f{x - af) +
v(x — «t). Passing to the limit in (6.10.6) we get z¢ = 0. In view of {6.10.9)
and Lemma 5.22 we will have to conclude that 0 is a minimizer of o,
contradicting our observation that —7 is a feasible direction of strict descent
at x.

Case 2. We now take up the case when z, is undefined for all but a
finite number of indices &. This being the case. we might as well assume that
z, is undefined for every k. Then by Step 11, a, = a, for ali k.

We observe that this entails that 7 (x,) are non-empty for all k> 1. If
I(x,) =@, then since a,=d,, x, belongs to the boundary of X. so that
lx}# @, a fortiorl, [ {x)#=@. If 1{x,)#@. then since «, = d,. cither
T{x )N T (x,, )= @ or T(x,, )N {x,)# @, i.e. some constraint which is ¢-
binding at the kth iteration remains e-binding for (k+ 1) or else a new
constraint has become binding and hence e-binding also at the (k+ 1)
iteration. So inductively 7 ,(x,)+# @, Vk > 1.
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We just verified that if z, are undefined for all k, then 7 (x,) are non-empty
for all k> 1. Once more, we can pass to a subsequence (k') such that x,, -
x€JX, s,.,—» 0. By Lemma 6.7, we pass to yet another subsequence, again
denoted by (k'), such that 4,, -4 >0, u,, — u, |u| 2 1. Then

Ly =Sp + Al os+iu=t (say). (6.10.16)

By Lemma 6.6 t+# 0 and by Lemma 6.8 a,— 0, so that by the above
X, — X also. Using Lemma 6.9 we can also require the subsequence (k') to

satisfy
Lo(x ) = Tox) = To(x,0 4 0)s vk’

By passing to a further subsequence, as usual denoted by (k'), we may
assume that 7, (x,. )=/, for all k’. Note that I is non-empty. In this case,
since a,. =d,. and [lyx,.)=1y(x, . ,) for every k' by Step 10 of the
algorithm, we find that for each k' there exists i € [ such that

gilXi — ati ) = Bilxy). (6.10.17)

Since / must be one of the indices 1 through m, by passing to yet another
subsequence. again denoted (k’), we can find a fixed i such that (6.10.17)
holds for every &’.. Now by Lemma 5.17 and (5.17.3)

Vgi(xe) o = Vg s + A uy)
= Vgi(x) S+ Ay Vgl ) uy.
2 A Vg (x,0) > 0, (6.10.18)

since 4,. > 0 and Vg (x,.) # 0, because i € I (x,.).

We let o(a)= gi(x,, —aty), 0L a<a, and observe that ¢'(a) is a
continuous non-decreasing function of « in the interval [0, a,.]. Also by
(6.10.18), ¢'(0+)=—Vgi(x,.)t, <0. By (6.10.17), ¢(a,)=¢(0) and
a,. > 0. We therefore conclude that ¢’(a, —) > 0. This means that

—1, Vgix —ay t, ) =0,

Vgi{xe )t <0. (6.10.19)
Allowing k' — o0 in (6.10.18) and (6.10.19) we get
0> Vgi(x)t > 4| Vg(x).

Since 4 > 0, we see that Vg, (x)=0. But since i € I (x,.), g{x,) > —¢ and
hence g;(x) > —e. We therefore get

gila) < —€, < —€ < gi(x).
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This shows that x is not a minimizer of g; and since g, is convex, we are
contradicting the fact that Vg,(x) = 0. The proof that the algorithm generates
a sequence converging to the optimal solution is now complete.

7. MiXED CONSTRAINTS

The algorithm in Section 4 can be combined with that in [11] to handle
the presence of affine and non-affine convex constraints. In problem (P) of
Section 2, let g,..... g, all be non-affine, convex. and differentiable on £ and
gp. 1 &n all affine. We now replace condition (SQ) of Section 2 by the
generalized Slater’s constraint qualification (GSQ). Le.,

There exists ¢ € X such that
gla)<0,i=1...p and gla)<0.i=p+ l...m (GSQ)

This affects only the choices of feasible direction and maximum feasible step.
The algorithm becomes:

7.1. ALGORITHM. All steps are the same as in Algorithm 4.1 except that
in Steps 8 and 10 define 7/ by

=1 (x )M pl.

Also the proof of convergence in the previous section carries over to this
more general case with minor changes.
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